We present results of calculations for measuring the process of real photon-photon scattering using modern intense lasers. When a 10 PW beam is split into two colliding pulses, we show that the elastic process is in principle measurable at upcoming laser facilities. If the pulses can be compressed into very few cycles, we show that the inelastic process, in which the frequencies of the two pulses are mixed, should also be measurable.
Introduction
Since the founding of quantum mechanics, it has been long known that particles can interact via short-lived, so-called "virtual" states. To lowest order, photons, being mediators of electromagnetism, can interact with each other via virtual electron-positron pairs. Maxwell's equations describe the classical evolution of electromagnetic fields that are assumed not to interact with one another, which is expressed in the "principle of superposition". With the quantum correction due to virtual pairs, Maxwell's equations become augmented by a non-linear interaction between fields. For field inhomogeneities much larger than the dimension of a pair (assumed smaller than the length of field required to make the pair real), this non-linear interaction can be described by a result derived long ago by Heisenberg and Euler [1] and independently Weisskopf [2] , following the pioneering work of Sauter [3] , early note by Halpern [4] and work by Euler and Kockel [5] . The Heisenberg-Euler Lagrangian was then rederived as an effective theory of quantum electrodynamics (QED) by Schwinger [6] . Due to recent advances in the generation of high-intensity laser pulses [7] , there has been renewed interest in measuring the predicted, although as yet unobserved, processes of QED in intense external fields, with one such example being real photon-photon scattering (a review of these processes can be found in [8, 9] ). Indeed, many methods have been devised to measure photon-photon scattering. For example, through the phase shift of one intense laser beam crossing another [10] , the frequency shift of a photon propagating in an intense laser [11] , in polarisation effects such as vacuum birefringence and dichroism [12, 13, 14, 15] , dispersive effects such as vacuum diffraction [16, 17, 18] and also in vacuum high harmonic generation [19] . Moreover, vacuum polarisation effects could potentially play an important role in the simulation of QED cascades [20, 21] . Current experimental limits for photon-photon scattering [22] and vacuum birefringence [23] , are still several orders higher than QED predicts, and such experiments are useful for excluding particle candidates for dark matter such as axions and WISPs [24, 25] .
We present results of calculations for the scattering of real photons off of one another in the collision of intense laser pulses [26] . Due to the large number of photons involved, all fields are modelled as classical, and we consider the scattering of one probe laser pulse on a second, more intense, laser pulse. When the scattered and incoming spectra are identical, the process is referred to as "elastic", otherwise it originates from the four-wave mixing of the fields. The elastic process has already been investigated by considering the passage of one monochromatic Gaussian laser beam through another [27] and in so-called single-and "double-slit" set-ups [16, 12] , in which a probe Gaussian beam diffracts off of others. Vacuum four-wave mixing has been investigated by considering TE 10 and TE 01 modes in a superconducting cavity [28] and in the collision of three, perpendicular, plane-waves [29] . In order to ascertain the suitability of measuring such processes in a laser-based experiment, we have calculated photon scattering for one of the most straightforward and realistic scenarios, namely the collision of two laser beams. By including many more experimental parameters than hitherto considered, such as pulse collision angle, lateral separation (impact parameter), lag (longitudinal phase difference), wavelength, focal width and pulse duration, we can better determine the possibility of measurement. As an example source of intense laser pulses, we have taken parameters around the 10 PW upgrade to the Vulcan Laser [30] . Unless otherwise apparent, we will work in a system of units withh = c = 1.
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Light-by-light scattering B. King The calculated experimental scenario is shown in Fig. 1 , in which two Gaussian laser pulses a and b of focal widths w c,0 , durations τ c , frequencies ω c , wavelengths λ c and carrier envelope phases ψ c , for c ∈ {a, b}, collide at an angle θ , with lateral separation x 0 and z 0 along the x and z axes and lag ∆t to another, where the probe pulse b propagates along the positive y axis and whose centre at t = 0 and carrier-envelope phase ψ b = 0 is at the origin. Specifically, the electric fields E c are given by:
where y r,c = ω c w 2 c,0 /2 is the Rayleigh length,
is the beam waist and the co-ordinates (x,ỹ,z) are (x, y, z) rotated anti-clockwise around the x axis by an angle θ , where the polarisationε ε ε a is similarly rotated so that k a ·ε ε ε a =k b ·ε ε ε b = 0 and |ε ε ε a | = |ε ε ε b | = 1, where k a ,k b are the beam wavevectors. We will specify:
which corresponds to the lowest-order space and time approximation to the Gaussian solution, valid when ω c τ c 1 and w c,0 /λ c,0 1. We will also assume that the magnetic fields obey B a =k a ∧ E a ,
, which corresponds to dropping terms of the same order as neglected higher-order terms in the Gaussian solution.
Heisenberg-Euler Lagrangian
The low-frequency (hω mc 2 ) non-linear interaction due to the presence of virtual electronpositron pairs is calculated using the Heisenberg-Euler Lagrangian. This can be derived by considering the polarisation operator shown in Fig. 2 and integrating out the fermionic degrees of freedom to leave an "effective" interaction [6] . When the field strengths are such that (E/E cr ) 2 1, where the critical field E cr = m 2 c 3 /eh, one can perform a weak-field expansion of this Lagrangian. When the lowest order of this expansion is added to the classical Maxwellian Lagrangian, one has:
As a 10 PW laser is capable of producing intensities only of the order of 10 24 Wcm −2 , corresponding to (E/E cr ) 2 ∼ 10 −5 , the weak-field expansion would appear justified. From Eq. (3.1), we can derive a modified wave equation for electromagnetic fields:
B are the vacuum polarisation and magnetisation given by
Since photon-photon scattering is a very weak process, in order to solve the implicit wave equation Eq. (3.2), we assume the vacuum current to be given, to a good approximation, by the polarising fields, thereby neglecting self-action terms:
where
Although this quantum correction due to vacuum polarisation is calculated for classical fields, due to the large number of photons involved, we will interpret the scattered field in terms of numbers of photons. Indeed, the lowest-order weak-field expansion can be shown to be equivalent to the weak-field limit of the four-photon "box diagram" given in Fig. 3 [31] (a recent investigation of photon scattering in QED is given in [32] ). The classical field then comprises a total number of photons N t equal to an integral of the field's spectrum divided by photon energy so that N t = ∞ −∞ dω dx dz I t (ω, x)/|ω|, where the total spectral density I t (ω, (ω, x) is taken to be zero on the detector in the current set-up) and where y is taken large enough that the surface perpendicular to the Poynting vector can be well approximated as being flat. The number of "measurable" photons corresponds to those incident on the detector in regions of high signal-to-noise ratio 
Elastic photon-photon scattering
By considering different combinations of incoming and outgoing photon legs in the fourphoton diagram, the "elastic" process corresponds to the probe photon interacting with an electronpositron pair, which absorbs and emits a strong-field photon to give an outgoing photon of equal outgoing energy, but different wavevector and polarisation:
where γ represents a photon, ω i its frequency, k i its wavevector and ε ε ε i its polarisation. Due to high-intensity lasers typically producing pulses with several cycles, this is the most accessible photon-photon scattering event.
As we are interested in experimental measurement, we present calculations of the number of measurable diffracted photons N d . A numerical test of our results was provided using the parameters λ a = 0.8 µm, λ b = 0.527 µm, w a,0 = 0.8 µm, w b,0 = 290 µm, P a = 50 PW, P b = 20 TW to find agreement with the head-on single-slit results from [33] . The number of measurable diffracted photons was then calculated for parameters typical of the Vulcan laser λ a = λ b = 0.91 µm, τ a = τ b = 30 fs, P a = 5 PW, P b = 5 PW, with w a,0 = 0.91 µm, w b,0 = 100 µm, ε ε ε a = ε ε ε b =x,x ·x = 1. Several parameters were individually varied, the results plotted in Fig. 4 and their dependencies summarised in Tab. For the purposes of detection in experiment, there are a few methods that could be used to increase the number of diffracted photons. First, if the laser pulses' polarisation are chosen to be perpendicular, all results in Fig. 4 will be increased by approximately a factor 3. Second, one could use higher-harmonics of the probe laser. If the same parameters as in Fig. 2 are used, for a collision angle of θ = 0.1, assuming a 40% reduction in energy due to generating the second harmonic, N d ≈ 4. If this process could be repeated to generate the fourth-harmonic, with a 16% overall reduction, N d ≈ 13. It has been previously argued, (for example in [16] ), that such low numbers of scattered photons should in principle be detectable in an experiment. A discussion of sources of background noise can be found in [16, 33] .
Four-wave mixing
Instead of two incoming and outgoing photons, other combinations are possible and we label these processes "four-wave mixing". The quantised analogue of one of these processes is given by:
where again, γ represents a photon, ω i its frequency, k i its wavevector and ε ε ε i its polarisation and the photons can take their parameters from any of the those offered by the pulses. Energy-momentum conservation implies k = k 1 + k 2 + k 3 , where k is the momentum of the scattered photon. Then considering different combinations, we find:
where ω is the frequency generated, ρ 2 = x 2 + z 2 , j runs from 1 to 12, β j , γ j are coefficients from Tab. 2:
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Light-by-light scattering B. King Table 2 : Combinations of coefficients occurring in the energy-momentum relations for four-wave mixing, θ c,i are the angles the photons make with the positive y-direction and sgn(x) returns the sign of x with sgn(0) = 0. Here we notice the correlation between harmonic order and detection co-ordinate, which can be compared to high-harmonic generation in plasmas [34] . It turns out to be difficult to satisfy these conditions simultaneously with just two laser beams and a fixed observation angle.
We investigated the ansatz that for short enough pulses, the bandwidth of the two lasers becomes wide enough that Eqs. (5.2-5.4) can be fulfilled simultaneously for a measurable amount of photons. Our calculations are restricted as to how short the pulse duration can be made, as the Gaussian temporal envelope solution is only a good approximation to Maxwell's equations when ω c τ c 1. However, to produce intense laser pulses that are shorter than this is currently experimentally prohibitive. This lower bound limits our ability to assess the importance of the inelastic process since we require a large bandwidth ∆ω/ω for the photons generated via four-wave mixing to be on shell, but due to the bandwidth theorem, ∆ω/ω ∼ 1/ωτ 1 from our limitation on τ. So instead of looking to separate off the four-wave mixing part of the scattered photons' spectrum, it seems more likely to be able to observe the change in the total number of diffracted photons due to this process. In Fig. 5 , we plot the ratio (N t − N e )/N e against τ a , where N e is the number of elastically-scattered photons. As can be seen, for short enough pulse durations, the results suggest that the four-wave mixing process can visibly influence the total number of measured photons. For the quoted Vulcan laser parameters, in Fig. 5 the proportion reaches over 20%, for a minimum pulse duration of τ = 1 fs, equivalent to ω a τ a ≈ 2. If one assumes a 40% attenuation each time a second-harmonic is generated from the probe laser pulse, the total number of measurable diffracted photons ranges from 1 to 4 (at τ a = 1, 2 fs respectively). Even though the analysis is restricted due to the shortness of the pulse, the effect was found to persist and increase also when two, (1 + 1)D sech pulses were considered instead [26] , and the pulse duration could be made arbitrarily small.
Conclusion
The feasibility of measuring the long-predicted phenomenon of real photon-photon scattering using the most intense lasers was investigated. Basing experimental parameters on the upcoming 10 PW Vulcan upgrade, we found that splitting the beam into two counter-propagating pulses of differing intensity should be sufficient for measuring the elastic scattering process. Moreover, we found that the phenomenon was relatively robust, allowing for imperfect spatio-temporal alignment of the pulses. If the stronger of the two pulses can be compressed to sufficiently short durations, the vacuum four-wave mixing part of photon-photon scattering should in principle also be measurable.
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Light-by-light scattering B. King As the pulse duration τ a of the strong pulse is reduced, the proportion of the total number of diffracted photons originating from vacuum four-wave mixing increases, plotted here for P b = 10/3 PW, P a + P b = 10 PW, λ a = 0.91 µm, λ b = 0.2275 µm, τ b = 2 fs, w a,0 = 0.91 µm, w b,0 = 50 µm, ε ε ε a = (1, 0, 0), ε ε ε b = (0, 0, 1), ψ a = ψ b = 0 (adapted from [26] ).
